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Microwave Characterization of a Microstrip Line
Using a Two-Port Ring Resonator With an
|mproved Lumped-Element Model

Joey R. Bray, Sudent Member, |EEE, and Langis Roy, Member, IEEE

Abstract—A two-port ring resonator is used to characterize
the microwave properties of a microstrip line printed on Ferro
A6-S low-temper ature co-fired ceramic. The ring and its coupling
gaps are smulated using a simple lumped-element model. The
coupling gaps are modeled as capacitors, the values of which
are extracted using a commercial two-and-one-half-dimensional
electromagnetic simulator. The validity of the lumped-element
model is assessed by comparing the smulated and experimental
resonant frequencies and, for the first time, the smulated mag-
nitudes of both the reflection and transmission coefficients are
also compared with those obtained experimentally. A correction
for the frequency pushing due to the capacitive loading of the
coupling gapsisalso presented. Theresulting model isthen shown
to predict the resonant frequencies to within 0.11% from 5 to
40 GHz. The simulated and experimental reflection magnitudes
are within 0.5 dB across the band, whereas the transmission
magnitudes are within 3.5 dB up to 22 GHz. Experimental results
indicate that the loss of the microstrip ranges from approximately
0.11 to 0.42 dB/cm across the band and that the relative per mit-
tivity of the substrate is nearly constant versus frequency with an
aver age value of 6.17.

Index Terms—Attenuation and permittivity measurements,
equivalent lumped elements, resonant frequency, ring resonator.

|. INTRODUCTION

ESONATORS have long been used to characterize the mi-
crowave properties of materials [1]. For planar circuitry,
resonator configurations such as rings, half-wavelength lines,
and others have been used to characterize both the attenuation
of the medium and the substrate permittivity, which are obtained
viaa single swept frequency measurement [2]-{4]. The simple
geometry of these resonators, combined with the relative ease
of their analysis, contribute to their popularity, especially for
benchmarking purposes. When a resonator is included during
the fabrication of alarger panel, its electrical properties may be
considered as representative of the other circuits contained on
that panel, thereby making the resonator a convenient meansfor
providing quality assurance.
In this paper, the one-port gap-coupled microstrip ring model
introduced by Yu is expanded to the case of a two-port ring
[5]. This lumped-element model is an attractive one because
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Fig. 1. Layout of atwo-port co-linear-fed microstrip ring resonator.

it does not require complex simulation tools, as discussed in
Section I1. The resonator theory leading to the characterization
of the microstrip line is presented in Section |11, whereas Sec-
tion IV presents the manufactured ring and the evaluation of its
attenuation constant. Capacitors are used in the lumped-el ement
model to represent the coupling gaps. In Section V, amethod is
presented by which these capacitor values are extracted using a
commercial two-and-one-half-dimensional (2.5-D) electromag-
netic (EM) solver. The frequency pushing effect of the cou-
pling gaps is analyzed in Section VI and a correction is then
applied to the observed resonant frequencies of the ring, from
which the dielectric constant of the substrateisfinally obtained.
The paper concludes with a simulation of the two-port ring res-
onator using the material parameters that were experimentally
obtained, which demonstrates the accuracy of the model.

Il. TwO-PORT RING RESONATOR THEORY

A top view of thetwo-port co-linear-fed microstrip ring under
consideration in this paper is shown in Fig. 1, where r is the
mean radius, W isthe microstrip linewidth, and S isthe length
of the coupling gap. Before considering the entire circuit, the
input impedance of the ring alone is obtained. The model of
the unloaded ring resonator is shown in Fig. 2(a) [5]. Here, the
ring is conceptually split into two sections of lengths Z; and
L, with ports designated at the junctions. The sum of the two
lengths must equal the circumference of thering, i.e., L = 27r.
To obtain the unloaded ring input impedance Zg, the input port
is driven while the output port, which is arbitrarily chosen, is
kept open circuited. In[5], ABC D transfer matricesare derived
for the individual line sections and their parallel connection is
then expressed in the form of an admittance matrix, similar to
the derivation presented in [4]. Finally, the admittance matrix is
converted to an impedance matrix to obtain the ring’s unloaded
input impedance [5]

R=— &)

~ jwCr

0018-9480/03$17.00 © 2003 IEEE



BRAY AND ROY: MICROWAVE CHARACTERIZATION OF MICROSTRIP LINE USING TWO-PORT RING RESONATOR

(b)

Fig. 2. Circuit models of the unloaded ring resonator, (a) Ring decomposed
into two sections. (b) Transmission-line model.
where

_2Y [1— cos(2mf3r)]
= w sin(2wfr)

)

and where Y is the characteristic admittance, w is the radian
frequency, and 3 isthelossless propagation constant. The rather
lengthy derivation is a good academic example of how transfer
matrices may be used to express an input impedance; however,
afar smpler technique isto consider the ring as a parallel con-
nection of two open-circuited transmission lines, as shown in
Fig. 2(b). Giventheanticipated co-linear feed, thelength of each
line sectionis Ly = Ly = L/2. Transmission-line theory then
alows the input impedance of the unloaded ring to be immedi-
ately expressed, without using (2), as

Zg = i—; cot % (©)]
where Z; is the characteristic impedance. One may verify that
(1) and (3) yield identical values. The unloaded ring model has
recently been expanded to include loss, but the derivation again
uses complicated transfer matrices [6]. The derivation may be
avoided altogether because loss may be easily included in (3)
by using the hyperbolic cotangent

Zo ’}/L

Zp = 5 coth 5 4
where the familiar propagation constant is defined by v = o +
4. To our knowledge, (3) and (4) are by far the simplest equa-
tions presented to date. Using these expressions, one finds that
the unloaded ring resonator presents an input impedance that
cycles between a seriesand a parallel resonance as a function of
frequency, presenting the former when the circumference is an
odd multiple of A,/2 and the latter when the multiple is even,
where A, isthe guided wavelength. Thisis summarized by (5a)
and (5b) as follows:

(58)
(5b)

Lous = (2N — 1)A,/2
Lovp =N,
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Fig. 3. Loaded ring resonator models for: (a) one-port coupling and
(b) co-linear two-port coupling.
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Fig. 4. Magnitude of s.; for the loaded two-port ring resonator of
Fig. 3(b) versus the ring circumference at 5.7 GHz. The microstrip width is
W = 280 pm, the dielectric constant is 6.15, and the substrate height is
h = 187 um. The coupling gap length is S = 50 pm and the attenuation of
the microstrip is set to 0.1 dB/cm.

where N isthe order of the resonance. A resonator must couple
toan external circuitif it isto be sensed. In doing so, parasitic el-
ements are introduced that perturb the unloaded behavior of the
ring. It has been shown that the parasitic elements caused by the
gap between the microstrip feed line and the ring may be mod-
eled as an L-network of two capacitors, as shown in Fig. 3(a)
for the one-port loaded ring [5]. As illustrated in Fig. 1, this
study usesthering as atwo-port loaded resonator, therefore, the
model has been extended to that shown in Fig. 3(b). Concep-
tually, the two-port model is justified since increasing the gap
to infinity on any one side must yield the same one-port model
of Fig. 3(a). A simplefield analysis of the two-port ring reveas
that an unl caded seriesresonance aways producesavoltage null
at the output port, meaning that a transmission null will always
occur for series resonant modes. A lightly loaded two-port res-
onator already has near-negligible transmission levels so these
nullswill be buried inthe noise of theanalyzer. Thisisillustrated
in Fig. 4, where the transmittance of the two-port resonator il-
lustrated in Fig. 3(b) is plotted versus the circumference of the
ring. Only the parallel resonance modes of (5b) have voltage
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Fig. 5. Input impedance loci of undercoupled resonators. (a) Parallel.
(b) Series.
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Fig. 6. Seriesmodel of the two-port ring resonator without parasitics, as seen
by the external circuitry.

maxima at the output port, resulting in the characteristic trans-
mission peaks at those resonant frequencies. Thus, the ring's
fundamental resonance must be chosen to coincide with the par-
alel resonant mode or L = A,.

Given that the unloaded ring of Fig. 2(a) isoperating in apar-
allel mode, one would expect the input impedance to resemble
that of alightly loaded (undercoupled) parallel resonator, sim-
ilar to the one shown on the Smith chart in Fig. 5(a). In practice,
thisresponse will not be observed because the capacitive L-net-
work of the input port inverts the input impedance, resulting in
the reflection response shown in Fig. 5(b), which is consistent
with the series-resonant circuit of Fig. 6. Note, however, that the
L-networks are not ideal inverters and will introduce parasitic
reactance to the resonator, causing the locus to skew dlightly
toward the capacitive side of the Smith chart. This ultimately
shifts the resonant frequency, a topic that will be addressed in
Section V1. Therefore, even though the unloaded ring itself is
theoretically operating at what should be a parallel resonance,
it appears to the external world as a series-connected seriesres-
onator. Thisis not surprising since, as the coupling is loosened,
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the input impedance must tend toward that of an open circuit,
meaning that the resonance should appear on theright-hand side
of the Smith chart.

I11. CHARACTERIZATION METHOD

While the first objective of this study remains the modeling
of the ring resonator, the second objectiveisthe characterization
of the microstrip line. In this section, the experimental method
used for the latter purpose is presented, where both the loss and
permittivity are obtained from the same microwave swept fre-
guency measurement. The observed transmission peaks corre-
spond roughly to the unloaded ring’ s parallel resonant frequen-
cies, derived from (5b) and given by

cN

Lovp+/een
where . is the effective dielectric constant and ¢ is the speed
of light. Given the physical dimensions of the microstrip, any
simple synthesis tool may then be used to convert the effec-
tive dielectric constant to the substrate’s relative permittivity.
As previously mentioned, the capacitive L-networks are non-
ideal impedance inverters and will cause the observed resonant
frequency f, to be lower than the unloaded resonant frequency
Jfoup- Hence, the observed resonant frequency must be cor-
rected prior to it being used in (6) to extract the dielectric con-
stant. Failureto do thiswill cause the relative permittivity of the
substrate to be overestimated.

The eguation relating the total attenuation of the transmission
line to the unloaded quality factor has been rigorously derived
in[6]. However, given that the unloaded ring model of Fig. 2(b)
consists of a pair of half-wavelength transmission lines, the at-
tenuation of the line may be simply stated as [7]

TN
= m . (7

The unloaded quality factor Qo of a TEM line is directly pro-
portional to frequency so the mode number V of the numerator
ensures that (7) is applicable for all higher order modes. Exper-
imentally, the unloaded quality factor is evaluated according to
the following formula [8]:

(6)

fOUP =

ar

Qr

= res
1 — 8%

Qo 8

where s53° is the magnitude of so; in linear units at resonance
and @, istheloaded quality factor, with the latter given by
Jo

Qr = BW, )

where BW, is the double-sided loaded bandwidth, expressed
in hertz and measured at alevel 3 dB below s55°.

IV. PHYSICAL CIRCUIT AND L0OSS CHARACTERIZATION

A 5.7-GHz microstrip ring resonator has been fabricated
on Ferro A6-S low-temperature co-fired ceramic (LTCC). The
microstrip substrate consists of one layer of tape, having a
fired thickness h of 187 um. The thickness of the microstrip
conductor is approximately 8 ;«m and its measured dc conduc-
tivity is 0.8 mg2/square, normalized to a thickness of 25.4 p:m.
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Fig. 7. Microscope photograph of one of the coupling gaps: the vertical arcis
a section of the ring, whereas the horizontal line is the feed line.
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Fig. 8. Measured transmission magnitude of the 5.7-GHz ring resonator.

The width W of the microstrip line is 315 ;:m and the mean
radius » of the ring is 3.96 mm. The gap length S between the
feed lines and ring, shown in Fig. 7, is 100 zm. The measured
transmission magnitude is shown in Fig. 8, where the system
has been calibrated to the probe tips only. The frequency span
has been broken into four separate bands with the following
step sizes: 6.3 MHz between 3-8 GHz, 10 MHz between
8-16 GHz, 13.8 MHz between 16-27 GHz, and 16.2 MHz
between 27-40 GHz. Such small step sizes are required to
minimize the uncertainty of the attenuation constant calculation
of (7). The resonant bandwidth is marginally affected by the
frequency pushing effect of the capacitive loading and, thus,
(7) leads directly to the total attenuation of the microstrip line,
which isplotted in Fig. 9. Given the frequency step sizes listed
above, the worst case error of the total attenuation constant
would be +£10%. However, a linear interpolation method has
been used to determine the bandwidth, which reduces the error
well below this estimate.

V. LUMPED-ELEMENT MODEL CAPACITANCE EVALUATION

As previously mentioned, the observed resonant frequency
must be corrected prior to itsuse in (6) to remove the frequency
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Fig. 9. Experimental attenuation of the W = 315 pm Ferro A6-S microstrip
line versus frequency.
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Fig. 10. Microstrip gap coupling. (a) Two-port end-to-end. (b) Three-port
T-gap. (c) Equivalent lumped-element circuit for the T-gap.

pushing effects of the parasitic loading capacitors C, and C,
of Fig. 3(b). These capacitors must be evaluated before their
parasitic effects can be removed. In a previous study [5], the
capacitor values were based on Gupta et al.’s expressions for
an end-to-end microstrip discontinuity, illustrated in Fig. 10(a)
[9]. Although this is a good first-order approximation, the in-
terface of the feed line to a large-diameter ring more closely
resembles a T-gap discontinuity, as shown in Fig. 10(b). This
three-port T-gap may be readily simulated using a commer-
cia 2.5-D EM solver. Based on the simulated s-parameters, the
derivations found in the Appendix show that the model capaci-
tors of Fig. 10(c) may be extracted using

_ 2Y0 [821[
LU\/[]. + 811[2 — [821[2

_ Yo [1 - 811] _ 20gY0
P Jw [1 + 811] 2Yy + ijg

Cy (108)

(10b)



1544

¢ ratio

0 10 20 30 40

Frequency [GHz]
@
1.2

C ratio

0 10 20 30 40
Frequency [GHz]

(b)

Fig. 11. Capacitor values for a 100-um gap using the Ferro material system.
(@ C, and (b) C, extracted from a 2.5-D simulation of the microstrip T-gap
and expressed with respect to the values obtained using closed-form equations

(5]

where s11 and so; arethe s-parametersfrom the 2.5-D simulator
and Y is the characteristic admittance. Note that the complex
value of s;1 isused in (10), meaning that s;; must be deem-
bedded to the edge of the gap prior to its use. Equation (10) is
general and is applicable to any microstrip T-gap.

The expressions for the end-to-end microstrip gap model as
derived by Gupta et al. were curve fitted to data that were, in
turn, calculated using quasi-static methods [9]. The resulting
model does not include radiative effects. In keeping with this,
the 2.5-D simulation of the T-gap has been done by enclosing
the structure in a perfect electric conducting (PEC) cavity. For
the Ferro system in question, the sides of the cavity are 1.7-mm
long and thelid is 57 = 0.935 mm above the substrate. A High
Frequency Structure Simulator (HFSS) eigenmode simulation
estimates the first cavity mode to be well beyond the maximum
frequency of interest. Fig. 11 plotsthe extracted capacitor values
with respect to those cal culated using the equationsfoundin [5],
the latter being constant versus frequency with C, = 7.53 fF
and C, = 4.81 fF. The extracted capacitor values are close to
those suggested in [5], notwithstanding the frequency depen-
dence.
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Fig. 12. Measured and calculated: (a) transmittance and (b) reflectance of
the microstrip ring at resonance. The calculated values are obtained using the
lumped-element ring model with capacitance values extracted from the T-gap
simulations.

A good model of the ring and coupling gaps should not
only predict the resonant frequency, but should also predict
the magnitude of the transmission and reflection coefficients.
To date, simulated s-parameter magnitudes have not been
corroborated with actual measurements [5]. Fig. 12 plots
both the simulated and observed resonant transmission peaks
and reflection troughs, where the simulated data have been
obtained using the lumped-element model of Fig. 3(b). Good
agreement is obtained between the model and measured data
up to the fourth-order resonance, where reflectance errors of
lessthan 0.5 dB and transmittance errors of lessthan 3.5 dB are
observed. Divergence above the fourth-order resonance may be
due to the presence of radiation in the physical circuits.

V1. RESONANT FREQUENCY

Thefrequency pushing of the coupling capacitorswill now be
assessed by using the lumped-element model with the extracted
capacitor values. Computed polar input reflectionloci of theun-
loaded and two-port loaded rings are shown in Fig. 13, where
the dashed outer locus is that of the unloaded ring, whereas the
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Fig. 13. Input reflection loci of ring resonators on the Smith chart. The dashed
line represents the unloaded ring and is the same in both graphs, the arrow
marking the unloaded parallel resonance. The solid line represents the two-port
loaded ring for the cases of: (a) tight coupling and (b) loose coupling.

solid inner locusisthat of the two-port loaded ring. The loaded
ring ismore tightly coupled in Fig. 13(a) thanitisin Fig. 13(b),
meaning that the gap size .S would be larger for the loaded ring
of Fig. 13(b). A series resonance f, and a parallel resonance
fp can be defined for the loaded ring at points where the input
reactance goes to zero [4], [5]. This happens at two frequen-
cies on the loaded ring’s locus in Fig. 13(a). If the impedance
inverters were ideal, then the arrow in Fig. 13(a), which repre-
sentsthe parallel resonance of the unloaded ring, would occur at
the same frequency as the observed resonance (square symbol)
of the loaded ring, the latter being the minimum point of the
reflection magnitude. Note, however, that the minimum reflec-
tion magnitude occurs at afrequency that is below the unloaded
parallel resonant frequency. The minimum reflection coefficient
occurs at a location on the locus that is slightly capacitive, in
fact, the entire loaded locus is skewed dlightly to the capacitive
side—this is the effect of the loading capacitors, which act as
nonideal impedanceinverters. This meansthat the observed res-
onant frequency, represented by the square in Fig. 13(a), does
not correspond exactly to what we have defined as being theres-
onance, i.e., when the input reactance X, is zero.

As the coupling is reduced, the diameter of the loaded re-
flection locus decreases and shifts more toward the edge of the
Smith chart, as shown in Fig. 13(b), which isalocusthat isrep-
resentative of the physical circuit under test. Not surprisingly,
this causes the resonant frequencies f, and f,, to approach each
other sincethelength of thelocusabovethe X, = 0 lineshrinks
as the coupling is reduced. This has also been noted in [4], a-
though the mechanism leading to this observation has not been
explained. It must be said that this phenomenon is due solely
to the coupling capacitors and is not an inherent property of the
ring itself.

If the coupling is further reduced, there will come a point
where the two previously defined resonant frequencies coincide

1545
TABLE |
FREQUENCY CORRECTION AND PERMITTIVITY OF THE 5.7-GHz
RING RESONATOR

order N 1 2 3 4 5 6 7
foobserved [GHz] 5.70 11.40 17.00 2260 2811 33.64 39.07
Jfour [GHz] 573 1145 17.07 2269 2821 3374 39.17
€crr (Equation 6) 4428 4435 4490 4518 4567 4597 4.643
€ 6.17 6.14 6.18 6.17 6.19 6.18 6.19

in frequency, i.e., the locus will only touch the X;,, = O line at
one fregquency. Reducing the coupling further still, thelocuswill
no longer crossthe X;,, = 0 line. Conceptually thisisreassuring
sinceincreasing the coupling gap means that the input feed line
begins to resemble an open-ended microstrip, which is inher-
ently capacitive. This leads to a dilemma since our previously
held definitions of resonance no longer identify any resonant
points, and yet, the transmission magnitude on the vector net-
work analyzer (VNA) will still show atransmission peak (albeit
a small one) that is consistent with resonance since there will
still be alocation on the locus that is closer to the center of the
Smith chart than the rest.

For the two-port loaded resonator, we must abandon the
notion of being able to identify distinct series and parallel
resonance points defined by X;,, = 0. Instead, the resonant fre-
guencies should be redefined as corresponding to peaks/troughs
in the transmission/reflection magnitudes since these are al-
ways visible on the VNA. However, this latter approach is
problematic because (6), which leads to the evaluation of the
dielectric constant, applies only when the unloaded ring is at
its parallel resonance point, whereas the observed resonance
on the VNA does not occur at this same frequency. It is this
difference that will now be assessed and is termed the fre-
quency correction rule. A rulewill be sought that will allow the
observed resonant frequency f, to be converted to the unloaded
ring’s resonant frequency foup. Theruleis obtained by using
the lumped-element model of Fig. 3(b). Simulated comparisons
show that the unloaded paralel resonant frequency is up to
0.46% higher than the observed loaded resonant frequency
(defined by peaks/troughs in the transmittance/reflectance)
throughout the first seven harmonics that are used in this study.
This percentage depends on the materials and the gap size used
for agiven ring resonator. Table | lists the resonant frequencies
and permittivity values thus obtained for the 5.7-GHz resonator,
and Fig. 14 plotsthe relative permittivity versus frequency. The
average relative permittivity is 6.17, which is 4.6% higher than
the nominal value listed for this material system [10]. Failure
to correct for the capacitive loading of the circuit would have
increased the average relative permittivity to approximately
6.25, avalue that has been confirmed by an external |aboratory
[11].

VII. LUMPED-ELEMENT MODEL
RESONANT-FREQUENCY PREDICTION

We close by testing the lumped-element model using the
material parameters obtained from the measurements. The
resulting resonant-frequency error is shown in Fig. 15, where
resonance is defined by the peak/trough of the transmittance/re-
flectance and not by Xj, = 0. The agreement between the
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Fig.14. Relative permittivity obtained from thering resonator using frequency
correction.
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Fig.15. Difference between the observed and cal cul ated resonant frequencies,
the latter simulated using the experimentally obtained material parameters.

calculated and observed resonant frequencies is excellent. The
highest absolute error of 15 MHz occurs at 39.1 GHz and the
highest relative error of 0.11% occurs at 5.7 GHz. For asimple
lumped-element model to corroborate observations throughout
the Ka-band is quite remarkable. Using the new relative
permittivity values marginally affects the calculated reflectance
and transmittance, which remain as those shown in Fig. 12.

VI1Il. CONCLUSION

In this paper, the microwave properties of a microstrip
line have been obtained from a single measurement between
5-40 GHz. The simplicity of the method and of the ring res-
onator itself lend themselves well for general use. The relative
permittivity of the substrate ranges between 6.14-6.19 and the
total attenuation increases from 0.11 to 0.42 dB/cm. These
values are consistent with the material specifications and have
been corroborated by an externa source.

Theoretically, the extended lumped-element model for the
two-port co-linear-fed ring resonator has been successfully ap-
plied. The most simple derivation to date of the unloaded ring’'s

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 51, NO. 5, MAY 2003

Py Pou

NV —» —»

‘> .

TV,

[->

0]
Yo Y, 2Y,

Fig. 16. Microstrip T-gap junction and its equivalent lumped-element model.

input impedance has been presented. A method for extracting
the capacitance values of the loaded ring resonator from simple
2.5-D simulations has a so been presented. The method not only
leadsto excellent resonant-frequency predictions, but also leads
to good reflectance and transmittance values. For thefirst time,
the frequency pushing effects of the lumped-element coupling
circuits have been assessed and used to correct the observed
resonant frequency. Finally, the mechanism responsible for the
input impedance behavior of the loaded ring has also been dis-
cussed.

APPENDIX

Equation (10) is derived by considering the lumped-element
model of the T-gap junction, which is repeated and annotated
as Fig. 16. Port 1 is excited and is deembedded to the edge
of the gap, whereas ports 2 and 3 are terminated in matched
loads. As will be shown, the final equations are a function of
the magnitude of so; only, hence, the length d of the transmis-
sion line between ports 2 and 3 does not need to be included
in the lumped-element model. The goal is to extract values of
C), and C, based on simulated values of s1; and s2;, hence, the
relationship between these four parameters must be found. We
begin by evaluating the admittances, which lead directly to the
reflection I' and transmission 7" coefficients on port 1 as fol-
lows:

jQCUCgYO

Yo=——"—
2= 2o + juC, (119
Yin =Ys + juC, (11b)
Yo - Y
B YO + YVin (110)
T=14T (11d)

where Yj is the known characteristic admittance of al three
ports. Thetime-averaged real power that isdelivered to theinput
of the circuit is given by

P, = % TV Re {(Vin} = % TV Re{va})  (12)

whereasthetime-averaged real output power, the sum of thereal
power delivered to ports 2 and 3, is
1
Poe = 5 [Va]? Re {215} = |Va* V0. (13)
A network of purely reactive elements consumes no real power.

In our case, the capacitors C), and ¢, are the only elements
that exist between the reference planes for the input and output
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power, hence, in terms of real power, P, = F,,. Thisleadsto
the following equality, yielding the magnitude of s»; explicitly:

TV Re (Y2} =2 V2 Yo
Val* _ ITI” Re {Y2)

[V1+[2 o 2Y,
TP Re {Y-
ol = ELEE g

To find Cy, the real part of Y> in (14) isisolated and (11d) is
used to expand 1" yielding

2Yq [521[2

Re{Ys} = .
{ 2} [1—|—$11[2

(15

Next, Y3 is expanded from (11a) so that its real part may be
expressed explicitly as follows:

Y, — j2ngY0 - j2ngY0 [2Yo —ijg]
2T W +gwC,  4YE +wiC2
Re (¥} = 2 "Ca¥0 16
A v N Yo 10
whereupon substitution of (16) into (15) yields
W02 = (47§ + W] el
g 0 g [1 + 811[2
2 2
4Y73
W02 |1 - |s21] | =% 1521[2
11+ s11] 114+ s11]
o2 43 |51
g
w2 |:[1 + 811[2 — [821[2:|
2Y,
C, = ls] (108)

w\/ll + 811[2 - [821[2

which isthe desired result for C,;. Note that only the magnitude
of s2; is heeded, whereas a complex value of s1; is required.
The simulated value of s;; must, therefore, be deembedded up
to the edge of the gap before it can be used in (10a).

To obtain €, the input admittance to the circuit is isolated
from (11)

Yot -1

Yin =2

1+

o Yoll=T]

G =TT
- Yb [1 — 811] ZCng

= - 10b
? jw [1 + 811] 2Y0 —l—ij’g ( )
which is calculated once C; has been found. As a verification,
C, must be purely real even though the right-hand side of (10b)
is a subtraction of complex terms.
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